We investigate the properties of the single Λ hypernuclei within a Skyrme-HartreeFock (SHF) model. The parameters of the Skyrme type effective lambda-nucleon (ΛN) interaction are obtained by fitting to the experimental Λ binding energies of hypernuclei with masses spanning a wide range of the periodic table. Alternative parameter sets are also obtained by omitting nuclei below mass number 16 from the fitting procedure. The SHF calculations are performed for the binding energies of the Λ single-particle states over a full mass range using the best fit parameter sets obtained in these fitting procedures and the results are compared with the available experimental data. The data show some sensitivity to the parameter sets obtained with or without including the nuclei below mass 16. The radii of the Λ orbits in the hypernuclear ground states and the Λ effective mass in nuclear matter show some dependence on different parameter sets. We present results for the total binding energy per baryon of the hypernuclei over a large mass region to elucidate their stability as a function of the baryon number. We have also employed the our best fit ΛN parameter sets to investigate the role of hyperons in some key properties of neutron stars.
Introduction
Hypernuclei provide an unique opportunity to investigate the dynamics of the full meson and baryon SU(3) flavor octet. They are an excellent tool to extract information on the hyperon-nucleon interaction. For a complete understanding of the baryonbaryon interactions in terms of the meson-exchange or quark-gluon pictures, the basic experimental data are required also on the hyperon-nucleon interaction together with the nucleon-nucleon interaction. Yet, relatively little is understood about nuclei that contain one or more hyperons. It is possible that the study of hypernuclei may help in unraveling fundamental issues regarding the ordinary nuclei in terms of quantum chromodynamics (QCD) which is the theory of strongly interacting particles.
Since Λ is the lightest among the hyperons (m Λ = 1.115 GeV), the Λ hypernuclei are the most investigated systems so far [1, 2, 3, 4, 5, 6, 7, 8, 9] . Through a series of experimental studies involving (K − , π − ), (π + , K + ), (γ, K + ) and (e, e ′ K + ) reactions (see, e.g. Ref. [7] for a recent review of the experimental scenario) the Λ shell structure has been mapped out over a wide range of the periodic table. Systematic studies of the energy levels of light Λ hypernuclei have enabled the extraction of considerable amount of details about the ΛN interaction. It is established that the spin-orbit part of this force is weaker (see, e.g. Ref. [4] and the related references cite there) than that of the NN system. This has also been useful in developing the theoretical models of the hypernuclear production reactions where the quantum numbers and the binding energies of Λ single particle states are vital inputs [10, 11, 12, 13, 14, 15] .
For several reasons it is necessary to have information about the behavior of a hyperon in nuclear medium which can be provided by the heavier Λ hypernuclei. The basic quantities like Λ effective mass and the depth of the Λ potential in nuclei can be obtained by investigating the Λ binding energies in a wide range of heavier systems. These quantities are the important basic parameters for a realistic discussion of neutron stars [16] . The information on the Λ spin-orbit splitting in heavier hypernuclei is of interest because it may have contributions from the higher order many body effects in addition to the ΛN two-body spin-dependent interaction.
It is therefore, important to develop reliable theoretical tools to investigate the spectroscopy of the hypernuclei. From QCD point of view hypernuclei lie in the nonperturbative low momentum regime. Therefore, lattice QCD calculations should be the ideal tool for investigating their structure. Indeed, first step in this direction has already been initiated where the scattering length and the effective range for ΛN scattering have been extracted in both QCD and partially-quenched QCD calculations [17] . However, a description of the detailed structure of hypernuclei is still beyond the reach of the lattice QCD and one has to use methods where baryons and mesons are the effective degrees of freedom.
Both relativistic and non-relativistic descriptions have been used to investigate the structure of hypernuclei. The relativistic mean field approach has been employed in Refs. [18, 19, 20, 21, 22] with meson-hyperon vertices adjusted in varied ways. The SU(3) symmetric field theories including chirality [23, 24] , and the quark-meson coupling model [8, 25, 26] that invokes the quark degrees of freedom have been developed to investigate the structure of hypernuclei. A density dependent relativistic hadron (DDRH) field theory was used in Ref. [5] to describe Λ hypernuclei. In Ref. [9] a inmedium chiral SU(3) dynamics has been used to study the hypernuclear single particle spectra where a very good agreement has been achieved with the corresponding data. The smallness of the Λ-nuclear spin-orbit interaction also finds a natural explanation within this approach.
Among the non-relativistic approaches are the calculations based on the shell model picture (see, e.g.,Ref. [27] for a review). Most of them reproduce reasonably well the measured hypernuclear states of medium to heavy hypernuclei using phenomenological ΛN potentials of the Woods-Saxon type [28, 29, 11] . Several authors have also developed the semi-empirical mass formulas to describe the binding energy (BE) of the hypernuclei [30, 31, 32] The Skyrme-Hartree-Fock (SHF) model, which has been a powerful tool for investigating the properties of nonstrange nuclei [33, 34, 35] , was extended to studies of the Λ hypernuclei in Refs. [36, 37] . The suitability of this approach for describing the Λ hypernuclei depends heavily on the proper knowledge of the ΛN effective interaction, which has either been extracted from the microscopic methods like G-matrix calculations performed with Jülich and Nijmegen potentials [38, 39, 40, 41, 42, 43] or by fitting directly to the hypernuclear data (mainly the binding energies ) [37, 44, 45] . The reliability of the latter method is related directly to the amount of hypernuclear data used in the fitting process. In previous studies, the data used for this purpose were limited to a few light nuclei. Therefore, there is a need to perform SHF calculations using the ΛN interaction with parameters that are determined by fitting to a larger set of data on binding energies that is available now.
In this paper, we study the Λ hypernuclei within the framework of the HartreeFock method where the parameters of the Skyrme type ΛN effective interaction have been determined by fitting to the experimental binding energies of of hypernuclei with baryon numbers ranging over a wide mass range. In one fitting procedure, we have included nuclei with masses ranging between 8 to 208. In two more fittings, the nuclei with masses below 16 were omitted. We have also included a density dependent term in the ΛN interaction in our fitting procedure as suggested in Ref. [46, 47] . The parameter sets having the minimum χ 2 values in three searches have been used to calculate the binding energies of about 95 hypernuclear states and the results are compared with the available experimental data. Furthermore, we have also calculated the total binding energy per baryon of 73 Λ hypernuclei, and the root mean square (RMS) radii of a few nuclei of them. Finally our best fit parameter sets have been used to investigate some properties of neutron stars.
The present paper is organized as following. In section II, the Skyrme-Hartree-Fock method as applied to the description of the single Λ hypernuclei, is briefly described and parameters involved in the Skyrme type ΛN force are discussed. In section III, we describe the χ 2 minimization method [based on the simulated annealing method (SAM)] that is used by us to determine the best fit parameters of the ΛN interaction. In section IV, we present the results and discussions of the comparison of our calculations for the single particle energies of the Λ states with the available experimental data. The results for the total binding energies per baryon of a larger number of single Λ hypernuclei are also presented in this section. We also investigate the role of our best fit ΛN interactions on some properties of neutron stars. Finally, in section V, we present the summary and conclusions of our work.
Formalism
The SHF model for nonstrange nuclei has been discussed in great details in Refs. [33, 34, 35] . In its extention [36, 37] to describe the Λ hypernuclei a contribution is added to the original energy density functional to account for the action of the hyperon-nucleon force. Thus, the total energy density functional (EDF) of a hypernucleus is written as a sum of two basic contributions -E N , which is the total energy density for neutron and proton [33] and E Λ , which is the contribution due to the presence of the hyperon (hyperons):
where ρ q , τ q and J q represent the baryon, kinetic and spin-orbit current densities, respectively (q = n, p, Λ). There are some additional terms contributing to the total hypernuclear energy that will be discussed latter on in this section. E N is related to the original SHF nuclear Hamiltonian density (H N ) as
where H N is written as [48, 49] 
where the first term on the right hand side represents the kinetic energy. We define, ρ N = ρ n +ρ p , τ N = τ n +τ p and J N = J n +J p , where n(p) correspond to a neutron (proton). We employ SLy4 Skyrme parameterization [48] in the calculation of the energy density of the hypernuclear core
This interaction has been widely used in studies of the nuclear structure of normal and neutron rich nuclei [50] , and the properties of nuclear matter and neutron stars [51] .
The densities ρ q , τ q and J q are expressed as
where φ β (r, q) are the wave functions of the single particle states, v β represents the occupation probability, and σ the Pauli spin matrices. The sums are taken over all occupied states for different particles q. Summations over spin, and isospin indices are implicit.
The occupation probabilities v β of neutrons and protons are calculated by including the pairing energy functional E pair in Eq. (1) as described in Ref. [50] . The BCS equations for the pairing probabilities are obtained by variational method with respect to v β and written as,
where ǫ β is the single particle energy of the occupied state, and µ β is the chemical potential. The pairing gap equation has the form ∆ q = G q βǫq v β (1 − v β ), where G q is as defined in Ref. [50] .
The energy density functional E Λ is written as
As in Ref. [37] , H Λ in Eq. 8 has a term that corresponds to a Skyrme type two-body force,
In ref. [37] and [45] , a second term is added to H Λ that corresponds to a zero range three-body ΛNN force.
This is completely analogous to the corresponding term of the nucleon Skyrme force proposed in Ref. [33] . It has been pointed out in Refs. [52, 53, 54] that the binding energies of particularly light hypernuclei can be better reproduced if three-body ΛNN term is included in the calculations. For example the overbinding problem of 5 Λ He hypernucleus has been solved by taking into account the ΛNN force in Ref. [55] . In the Skyrme Hartree-Foch calculations of Ref. [45] it is shown that the inclusion this term leads to a better reproduction of the 1 p − 1d and 1s − 1p levels spacings in several nuclei.
In the Hartree-Fock calculations of even-even nuclei, the three-body part of the Skyrme interaction is equivalent to a two-body density-dependent interaction [33, 35] . Therefore, some authors [46, 47] have included in H Λ a term dependent on the nuclear density instead of the ΛNN force,
where γ and y 3 are additional parameters. It may however, be remarked that at least for γ 1, Eq. (11) can not be derived from from any three-body force. Furthermore, the equivalence of three-body and the density dependent forces in the hypernuclear case is not exact even for γ = 1. In the limit of γ = 1 and y 3 = 0, Eq. (11) does reduce to a form similar (but not strictly equal) to Eq. (10). Nevertheless, using Eq. (11) leads to a value of nuclear incompressibility that is closer to its experimental value [47] . It is stated in Ref. [46] that Eq. (10) is not so adequate for representing the density dependence of the ΛN G matrix while Eq. (11) with a value of γ = 1 3 is good enough for parameterizing the G matrix result. Therefore, in our calculations we have added Eq. (11) to the Hamiltonian instead of the three-body force term, Eq. (10), and have considered for γ both 1 and 1 3 . We have used 2 /2m Λ = 17.44054 MeV fm 2 . Now, the single-particle wave functions φ β (r, q) and corresponding single-particle energies ǫ β are obtained by solving the Hartree-Fock equations with position and density dependent mass term
where m * q is the effective baryon mass, and V q and W q are the central and spin-orbit terms of the mean field potential, respectively. The central term consists of (i) a purely nuclear part (V NN ) as described, e.g., in Refs. [33, 48] , (ii) additional field created by the Λ hyperon (V Λ N ) that is seen by a nucleon, and (iii) the whole nuclear field experienced by the Λ hyperon (V Λ Λ ). The effective mass of the nucleon will also have additional terms. The spin-orbit part of the ΛN interaction has been ignored (W Λ = 0) from the start as is done in Ref. [37] . The smallness of this term has been supported by several microscopic calculations [56, 57, 25] . The potentials V Λ Λ and V Λ N are written as
and,
The spin-orbit part of the mean field has purely nucleonic contribution and it can be written in a straight forward standard way. The term containing the effective mass of the single Λ hyperon is expressed as,
Similarly, the effective mass term for nucleon (in present of a hyperon) is written as
where q ′ represents a nucleon (neutron or proton). The potentials, the effective masses, and the orbitals in Eq. (12) are evaluated alternatively until self-consistency is achieved.
The total hypernuclear energy, in a density dependent Hartree-Fock model, includes contributions also from the H NNN and H ρ ΛN terms. Our total energy due to nucleon terms only includes relevant contributions. For the Λ case, we have
We also have to introduce to the total energy the center of mass (c.m.) correction arising due to the breaking of the translational invariance in the mean field of the Hartree-Fock theory. This is written as
where m N and m Λ are the masses of nucleon and Λ hyperon, respectively while n denotes the number of lambda particles (in our case n=1), and A is the baryon number of the hypernucleus. P c.m. = kpk is the total momentum operator in the c.m. frame, which is the sum of the single particle momentum operators (p k ). Although the BCS state is not an eigenstate ofP c.m. , and has vanishing total momentum <P c.m. >= 0, it has non-vanishing expectation value of < P 2 c.m. > given by,
where u α = 1 − v 2 α , and α and β represent the single particle states. This correction, however, is computed after variation (i.e., posteriori). The square of the single particle momentum operator appear only in the direct term of the c.m. correction. The second and third terms represent the off diagonal single particle matrix elements of the momentum operators that result from the exchange terms in < P Thus, the total hypernuclear energy is given by the expression
where E Pair (v p , v n ) is the pairing energy density functional as described above. The Λ binding energy in the SHF formalism is defined as
where E H 1Λ and E 0 N are the total binding energies of the hypernucleus and the core nucleus, respectively and binding energy per baryon number is obtained by dividing B Λ with A (baryon number).
The fitting procedure to obtain the parameters of the ΛN interaction is described in the next section. 
Parameterization for ΛN Skyrme Potential
The values of parameters u 0 , u 1 , u 2 , u ′ 3 , y 0 and y 3 have been determined by fitting to the experimental binding energies (BE) of a set of hypernuclei across the periodic table by a χ 2 minimization procedure that is based on the SAM. This is an elegant technique of searching for a global minimum in the hypersurface of the χ 2 functions, which depend on the values of the parameters of the Skyrme interaction [58] . This method has been used in Ref. [49] to determine the parameters of the Skyrme type nucleon-nucleon effective interaction, which have been used to describe successfully the properties of normal and neutron rich nuclei as well as those of neutron stars.
The χ 2 function is defined as each one them independently -minimization of the χ 2 was the only requirement of our procedure. This is in complete analogy with the procedure of Refs. [58, 49] . The theoretical errors (see, Eq. 23) in the fitting algorithm are taken to be equivalent to the experimental uncertainty in the data.
The SAM is an elegant technique for optimization problems of large scale, in particular, where a desired global extremum is hidden among many local extrema. This method has been found to be an extremely useful tool for a wide variety of minimization problems of large non-linear systems in many different fields (e.g., see, Refs. [74, 75, 76] ). Recently, the SAM was used to generate some initial trial parameter sets for the point coupling variant of the relativistic mean field model [77, 78] .
In the SAM one needs to specify the appropriate annealing schedule together with the parameter space (i.e., the range of the values of the parameters) in which the best fit parameters are to be searched. As in Ref. [49] , we have employed a moderately faster Cauchy annealing schedule given by
where T i is the initial value of the control parameter and T(k), with k= 1,2,3,....., is the control parameter at the kth step. The value of k is increased by unity after 120N p reconfigurations or 12N p successful reconfigurations, whichever occurs first. The value of T i is taken to be 5.0, which is the same as that used in Ref. [49] . We keep on reducing the value of the control parameter using Eq. (24) in the subsequent steps until χ 2 becomes stationary with further reduction. Since in our case number of parameters to be searched is rather large, we have defined the parameter space directly in terms of the range of values each parameter can take. Therefore, one of the key ingredients required for implementing SAM, in the present case, is to specify lower and upper limits for each of the parameter so that minimum is searched within these limits. In Table 2 , we give some details of this procedure for one of the parameter sets to be shown in Table 3 that leads to the lowest χ 2 . In this table, lower and upper limits of the values of the Skyrme parameters are denoted by v o and v 1 in each case, respectively. In the third column, d represents the maximum displacement allowed in a single step for a given Skyrme parameter during the reconfiguration process (see Refs. [49] and [58] for more details). v in , in the last column, shows the initial values of the Skyrme parameters used as a starting point for the SAM.
We first applied this procedure to fit the BE data listed in Table 1 . In our search procedure, we used two values for the parameter γ, 1 and 1 3 . For each γ, 2 parameter sets, generated by following the fitting procedure discussed above, are shown in Table  3 . The χ 2 values for each set is given in the last column of this table. Sets HPΛ1 and HPΛ2 have γ = 1 while HPΛ3 and HPΛ4 have γ = 1 3 . We note that parameter set HPΛ2 has the lowest χ 2 value among of all the sets. With γ = 1 3 , set HPΛ3 provides the lowest χ 2 . We have used the set HPΛ2 in further calculations of the hypernuclear properties unless specified otherwise. In neutron star studies, however, the set HPΛ3 has also been used. The different sets of parameters shown in Table 3 , lead to a depth of the ΛN mean field of about 28.00±0.58 MeV at the nuclear matter density (ρ 0 ) of 0.16±0.01fm . It could, however, be argued that hypernuclei with baryon number below 16 are too light to be used in the Skyrme Hartree-Fock fitting procedure, even through the HartreeFock method itself has been used to calculate the properties of light nuclei like He and Be by several authors (see, e.g. Ref. [93] and [41] ). We have, therefore, also performed our fitting procedure by excluding all the nuclei with masses less than 16. Furthermore, since, experimental binding energies of 1 f orbit in 
Results and Discussions

Λ single particle fields
The existence of the ground states of Λ hypernuclei is related to the single particle field (V Λ ) for the Λ hyperon. In the SHF model the ΛN force contributes to the field V Λ in proportional to various powers of ρ N . It would be instructive to compare this quantity calculated within the Hartree-Fock theory (V HF Λ ) with those obtained with a phenomenological parameterization of (V ph Λ ) e.g. of Ref. [29] for hypernuclei with masses varying in a broad range. In Fig. 1 contrast to that shown in Ref. [39] where the V HF Λ was found to be shallower than V ph Λ . Use of a different ΛN force could be one reason for this difference.
For the Pb nucleus, the V HF Λ extends to the larger values of r in comparison to V ph Λ . Similar trend was seen in Ref. [39] . This result has been attributed to the presence of the effective mass m * in the HF equation which mocks up for some finite range effects in such approaches. This results is also in agreement with the observations made in Ref. [29] where it was shown that the presence of the ρ 2 terms in the Λ potentials [Eqs. (13) and (14)] leads to an interaction with an increased half value radius as compared to that of the simple Woods-Saxon potential for heavier nuclei. However, in lighter systems the ρ 2 dependent term of the potential seems to reduce the effective radius of the potential.
Binding energies of Λ single-particle states
In Fig. 2 , we show a comparison of the calculated and the experimental Λ binding energies (B Λ ) of 1s, 1p, 1d, 1 f and 1g shells of a number of hypernuclei with masses ranging from 8 to 208. In these calculations, we have used SLy4 for the NN interaction and the parameter sets HPΛ2, NΛ1 and OΛ1 for the ΛN interaction. We note that there is an overall agreement between our calculations performed with HPΛ2 set and the experimental data in both the low mass and the high mass regions. However, sets OΛ1 and NΛ1 tend to overbind the 1s and also to some extent the 1p Λ orbitals for lighter nuclei. This effect is relatively more stark with the set NΛ1. However, since the set HPΛ2 has been obtained by including the BE of the light nuclei as well in the fitting procedure, it is not surprising that it provides a better description of the B Λ of the 1s and 1p orbitals of the lighter systems.
For heavier nuclei all the three sets describe the B Λ equally well. In a marked contrast to the SHF results of Ref. [39] , we observe the underbinding only for the 1s single particle orbital of 208 Pb hypernucleus. Moreover, even for this case the magnitude of the underbinding is much smaller in our calculation as compared that of Ref. [39] . In the SHF calculations presented in Ref. [46] , underestimations of varying magnitudes were observed for the single particle energies of both s and p orbitals of the heavier systems with most of the ΛN interactions used. In the density dependent hadron field theory calculations of Ref. [5] , the single particle energies were underpredicted by factors of up to 2.5 for hypernuclei with masses below 28 Λ Si. This was attributed to the Table 6 : The Λ effective mass (calculated at saturation density ρ 0 ) and rms radii of ground state Λ orbitals of various hypernuclei. Looking at the fact that the parameter sets HPΛ2 provides a good overall description of the single particle spectra of the Λ hypernuclei which in some ways improves upon previous SHF calculations performed with different parameterizations, the predictions of our model can be used with relatively more confidence in calculations of the hypernuclear production cross sections via e.g. (π + , K + ) [15] , or (γ, K + ) [13, 14] reactions for those cases where experimental information may not be available about the binding energies of the Λ states.
In table 6 , we show the effective Λ hyperon masses and the root mean square (rms) radii (r Λ ) of the ground state Λ orbits of various hypernuclei calculated at the nuclear saturation density (n 0 ) with various ΛN parameterizations obtained by us. This provides additional constraints on different parameter sets. First of all we note that m * Λ /m Λ obtained with interactions having γ value of (1/3) (last 4 rows of this table) are slightly different from those involving γ = 1. The effective mass is largest with the parameter sets OΛ1 and OΛ2. Furthermore, these sets give the lowest r Λ for various hypernuclei. It is also of interest to note that r Λ calculated with our parameter sets are systematically larger than those obtained with Skyrme ΛN interactions of Ref. [46] . It should however be mentioned that some uncertainty in the rms radii originates from the choice of the NN potential which was also different in Ref. [46] .
Total binding energy per baryon of hypernuclei
Although the hyperon contribution to the total hypernuclear energy is relatively small, a systematic study of the total binding energies per baryon (BE/A) of hypernuclei could be useful because it sheds light on the pattern of the stability of hypernuclei across the periodic table. Looking at the experimental data one notices that the BE/A of the medium mass hypernuclei is larger than those of the lighter and the heavier ones. This indicates that hypernuclei in this region may be more stable. In the SHF framework, the total binding energy of a hypernucleus of baryon number A can be obtained Tables (7) and (8) we present the results of our SHF calculations (done with the HPΛ2 force) for BE/A for 73 hypernuclei with masses in the range of 9 to 211. The results obtained with sets NΛ1 and OΛ1 are almost the same. We note that for the lighter systems (A < 28), the stability of a hypernucleus depends on that of the nucleus where a neutron is replaced by the hyperon. For example, [79] are also presented wherever available. RMF results for the BE/A are given only in this reference. We note that that for nuclei with baryon number in excess of 87 the RMF model underbinds the hypernuclei. However, the difference seen between SHF and RMF energies could possibly result from the differences in the nuclear energies predicted by the two models. Therefore, one should be careful in interpreting the comparison of the results produced by these two mean field models.
Properties of a neutron star
In order to calculate neutron-star properties, it is necessary to have an Equation of State (EOS) linking pressure to the total energy density of the dense matter. At densities closer to the nuclear saturation density (n 0 = 0.16 f m −3 ), the matter is mostly composed of neutrons, protons and leptons (electrons and muons) in β equilibrium. As density increases, new hadronic degrees of freedom may appear. Hyperons are one of them as the equilibrium conditions in neutron stars make the formation of hyperons energetically favorable. The role of hyperons on the neutron star properties has been studied by several authors (see, e.g. Refs. [80, 81, 82, 83, 84, 85, 86, 87, 88] ).
In this section, we employ the best fit ΛN interactions obtained by us to discuss the implications of hyperons on the EOS and the structure of neutron stars. Unlike several other authors, we have included only the Λ hyperons into our calculations as this study is restricted to testing the interactions obtained in this work. In that sense our work may appear to be less complete in comparison to many previous studies where include other hyperons were included as well. Nevertheless, in all likelihood the ΣN interaction is repulsive because no stable Σ hypernucleus other than that of mass 4, is known to exist. Therefore, Σ appears at much higher densities [87] as compared to Λ. The Ξ hyperon, on the other hand, could appear at densities comparable to those of Λ. However, there is considerable amount of uncertainty about the strength of ΞN interaction as no bound Ξ hypernucleus has been detected so far. The threshold of the appearance of the Ξ hyperons is pushed to higher densities with increasing ΞN potential.
In our calculations of the EOS, we have closely followed the methods reported in Refs. [89, 90, 47, 49] . To our energy density functional [Eq. (1)] we have also added a contribution corresponding to the ΛΛ interaction as at higher densities the results are sensitive to this term, for which the energy density functional is taken from Ref. [47] with parameters corresponding to their set SLL2. The energy density includes the rest energies of the matter constituents. The leptonic contribution to the energy density is calculated as discussed in Refs. [47, 49] (see also [91] ). For this sector the energy densities corresponding to electrons and muons are written as
where l = e (electron) or µ (muon) and k l f is the corresponding Fermi momentum. For a given baryon density the values of the Fermi momenta for neutrons, protons, Λ, electron and muon can be obtained by requiring that neutron star matter is in β equilibrium. This leads to the following equations for the equality of the chemical potentials (represented by µ in the following) where chemical potentials are defined as
where E is total energy density and n j the particle number density. The total baryon number density is n b = n n + n p and the charge neutrality requires n p = n e + n µ , where n e and n µ are the number densities of electrons and muons, respectively. These equations combined with Eq. 26 give the particle fraction Y j = n j n b . The EOS is defined by the expressions
where ρ(n b ) is the mass density of the matter. In Fig. 3 we show the equation of state calculated with ΛN interactions HPΛ2, HPΛ3, NΛ1, and OΛ1. It is to be noted that in each case the inclusion of hyperons makes the EOS much softer with respect to that of the pure nucleonic case. Since hyperons can be accommodated in the lower momentum states, their kinetic energies are decreased which leads to the softening of the EOS. We see that the degree of softness of the EOS obtained with HPΛ2 and NΛ1 interactions are almost identical. However, with HPΛ3 the softness is comparatively smaller and with OΛ1 the softening of the EOS is relatively the lowest.
In Fig. 4 , we show the particle fraction Y i as a function of the total baryonic density. It is clear from this figure that neutrons are by far the most dominant object of the matter. One further notices that while in panels (a), (b) and (c) Λ hyperon appears at about twice the nuclear saturation density, in panel (d) they start only after about 2.5n 0 . They are also less numerous in this case as compared to those in other 3 panels. This is the consequence of the fact that with the interaction OΛ1 the softness introduced to the nucleon only EOS is the least. The rise of hyperon fraction, after their formation, is quickest with HPΛ3 and NΛ1 interactions as compared to that seen with with other interactions.
Further consequences of the different nature of the EOS softening with the intro-duction of the Λ hyperon with different ΛN interactions can be seen on the their effect on the neutron star masses. To obtain the relation between neutron star mass and its radius, we have solved the Tolmann-Oppenheimer-Volkoff equation
and
where P, E, and M are the pressure, energy density and gravitational mass of the neutron star, respectively. These quantities depend on the distance r from the center. Eqs. 29 and 30 can be solved from the knowledge of the initial value of the pressure P at the center (r =0) and using M(0) = 0 and the relationship of P and E (EOS). The predicted masses of the neutron star [measured in solar masses M ⊙ ] as a function of radius (in kilometer [km] ) are shown in Fig. 5 using EOS of Fig. 3 . We note that with EOS obtained with interactions HPΛ2, HPΛ3, and NΛ1 maximum neutron star mass is similar (around 1.5 M ⊙ ). In Fig. 5 , M ⊙ is depicted as M S M . However, with the EOS corresponding to the interaction OΛ1 the maximum mass is about 1.75 M ⊙ . This result can be understood from the fact that a stiffer EOS leads to a larger neutron star maximum mass. It may be mentioned here that if ΛΛ interaction is switched off the maximum neutron star mass fails to reach to even its "canonical" value of 1.4 M ⊙ .
Summary and conclusions
In summary, we have used an extended Skyrme Hartree-Fock model to describe the properties of the Λ hypernuclei. New parameterizations for the Skyrme type ΛN force have been obtained by fitting to the experimental binding energies of about 20 Λ hypernuclear orbitals with the baryon number ranging from 8 to 208 (the best fit parameter set is termed at HPΛ2). We have also performed the fittings by excluding the binding energies of nuclei with masses below 16. In this case two sets of parameters were obtained: in the first one (termed as NΛ1) the binding energies of the 16 Λ O hypernucleus were excluded but those of the 16 Λ N hypernucleus measure recently in a (e, e ′ K + ) experiment were include in the fitting procedure, while in the second one (termed as OΛ1) the reverse was done. The fitting method uses an elegant χ 2 minimization method based on the simulated annealing method.
These three sets of the best fit parameters were used to calculate the binding energies of 1s, 1p, 1d, 1 f and 1g shells of a number of hypernuclei. We find that calculations performed with the set HPΛ2 provide the best agreement with the experimental binding energies in the entire range of mass values and for all the orbitals. The set OΛ1 produces binding energies, which overestimate somewhat the corresponding experimental data of the 1s and to a lesser extent of the 1p orbitals for the lighter nuclei.
This overestimation is larger in case of the set NΛ1. However, all the three sets produce equally good agreement with the experimental data for heavier nuclei for all the orbitals.
Except for one case [1s orbital of 208 Pb nucleus], our calculations do not underbind the heavier systems. This is a marked improvement over the similar previous HartreeFock studies of Λ hypernuclei where binding energies of orbitals of several heavier nuclei were underpredicted. Furthermore, the root mean square radii of heavier systems are predicted to be larger than those obtained in previous SHF calculations done with different ΛN forces.
We made a systematic study of the mass dependence of the total binding energy per baryon of 73 Λ hypernuclei spanning the entire range of the periodic table. It is observed that hypernuclei with masses in the range of 30-95 are more stable than those lying in other regions. For lighter systems some of the hypernuclei are more stable than their immediate neighbors on both sides.
We have also tested our best fit ΛN interactions to investigate the role of hyperons in the neutron star sector. In these studies, we used the same NN effective interaction (S Ly4) together with HPΛ2, HPΛ3, NΛ1 and OΛ1 effective ΛN interactions. Inclusion of the ΛΛ interaction was also found to be necessary in these studies -we took the corresponding effective Hamiltonian from the work of Lanskoy [94] . It is noted that inclusion of the Λ hyperon makes the neutron star equation of state softer. However, while the sets HPΛ2, HPΛ3 and NΛ1 lead the softness of the similar magnitude, that obtained with the set OΛ1 is lesser. Furthermore, with this set the Λ hyperon appear at a relatively higher density and are relatively less numerous as compared to other three sets.
The maximum neutron star mass obtained with sets HPΛ2, HPΛ3 and NΛ1 is about 1.5M ⊙ , while that with the set OΛ1 is 1.75M ⊙ . This is the direct consequence of the relatively stiffer EOS in this case. We remark that these results obtained with our best fit ΛN effective interactions reproduce quantitatively all the features that have been observed in several different models such as non-relativistic Brueckner-Hartree-Fock and relativistic mean field calculations. Nevertheless, an explanation of some of the recent neutron star observations [92] such as pulsar PSR J1614-2230 with a mass of 1.97±0.04M ⊙ is still beyond the scope of the present Skyrme type of model unless the EOS is even stiffer than what has been achieved with the interaction OΛ1.
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